ABSTRACT This paper proposes a new optimization method to solve periodic layout optimization of a cyclic symmetric structure by means of the guide-weight method. The mathematical model for periodic layout optimization under multiple constraints is built on a single working condition. By constructing a virtual fan-shaped subdomain, periodic layout optimization of the cyclic symmetric structure is transformed into the conventional topology optimization of the virtual fan-shape subdomain. Starting from the Lagrange equation, the general iterative criterion of the virtual fan-shaped subdomain is deduced by the guide-weight method. Taking the problem of minimum compliance as an example, the iterative criterion between relative density and strain energy density of elements in the virtual fan-shaped subdomain is obtained under the condition of mass constraint. The physical significance of iterative criterion is explained and the optimization flow of periodic layout optimization is provided. Two examples of the cyclic symmetric structure show that the proposed method is effective and robust to solve the problem of periodic layout optimization.
I. INTRODUCTION
Material distribution has a great impact on the mechanical properties of mechanical structures. As an effective design tool, topology optimization aims to seek the optimal material distribution for given objective function and constraints in a pre-set design domain, which can improve mechanical properties [1] , [2] .There are many modelling methods to be presented, including variable density method [3] , [4] , level set method [5] - [7] , and evolutionary structural optimization method [8] - [10] . The solution method is generally divided into two categories: optimality criteria method and mathematical programming method [11] . Shuxun and Chen et al. [12] and Shuxun [13] proposed a new solution method for structural optimization named guide-weight method in the 1980s. Then they gave a more general mathematical expression and mechanical significance of guideweight method [14] . This method was originally used for size optimization of the antenna structure and achieved good results. Liu et al. [15] , [16] introduced the guide-weight method into topology optimization. The problems of topol-
The associate editor coordinating the review of this manuscript and approving it for publication was Hamid Mohammad-Sedighi. ogy optimization with minimum compliance and minimum quality were studied by using the method of solid isotropic material with penalization (SIMP). The guide-weight method overcomes the shortcomings of the optimality criteria method for constructing different optimization criteria for different optimization problems. At the same time, it also overcomes the shortcomings of the mathematical programming method with many iterations and low efficiency [17] , [18] . The guideweight method has wide applicability and high efficiency, but it is still unable to solve the problem of periodic layout optimization for the cyclic symmetric structure until now.
A cyclic symmetric structure is an important structural form in practical mechanical engineering. It is composed of several sub-structure sectors with the same configuration through a circular array [19] - [21] . Automobile wheel hub, aircraft brake disc, turbine and impeller are cyclic symmetric structures. How to get the periodic topological form of cyclic symmetric structure is a worthwhile research. Gao et al. [22] studied the topology optimization of the cyclic symmetric structure by way of the bi-directional evolutionary structural method. They proposed a new concept named element sensitivity density to solve the problem of element volume dependency.
Periodic feature structures have attracted the attention of academic and industrial technicians with their unique structural form and extensibility in the array direction. A large number of international studies have been carried out around the optimization of periodic feature structures. Huang and Xie [23] presented a method for topology optimization of periodic structures using the bi-directional evolutionary structural optimization technique. Zuo et al. [24] , [25] studied the optimal design problem of periodic structures and established a direct relationship between the optimal design of material microstructures and the topology optimization of macro periodic structures. He et al. [26] presented a topology optimization algorithm for periodic structures with different geometries and irregular meshes. This optimization algorithm established the relationships between unstructured design points and the elements based on the Shepard interpolation functions. A unified optimization algorithm was proposed by Chen et al. [27] to solve the multi-objective optimization problem of finite periodic structures. To maintain the periodicity of the structure, topology sensitivities at the same position of different components are regulated. The above research on the periodic structure provides useful references for the periodic layout optimization of the cyclic symmetric structure.
The paper is structured as follow. In the section 2, we introduce the model of a typical two-dimensional cyclic symmetric structure. In the section 3, the mathematical model of periodic layout optimization under the single working condition is established. The general iterative criterion of the virtual fan-shaped subdomain is deduced in section 4. Section 5 presents the filter function and the convergence criterion. Section 6 introduces the optimization flow of periodic layout optimization. To verify the capability and availability of the proposed method, two case studies are investigated and validated in section 7. Final conclusions are drawn in section 8. 
II. THE MODEL OF CYCLIC SYMMETRIC STRUCTURE
Typical two-dimensional cyclic symmetric structure is a ring, whose geometric characteristics are composed of inner radius R 1 and outer radius R 2 , as shown in Figure 1 . The two-dimensional cyclic symmetric structure is uniformly divided into m fan-shaped subdomains in the circumferential direction. The angle of each fan-shaped subdomain θ is equal to 360 • /m. Each fan-shaped subdomain is uniformly divided into n c elements in the circumferential. Considering the difference in size between inner radius R 1 and outer radius R 2 , each fan-shaped subdomain is divided into n r elements in the radial direction according to equal ratio series. It can avoid excessive element aspect ratios. To ensure that all fan-shaped subdomains have the same finite element dispersion, a fan-shaped subdomain is meshed firstly and then the array operation is performed to obtain an overall finite element mesh of the cyclic symmetric structure.
III. PERIODIC LAYOUT OPTIMIZATION OF CYCLIC SYMMETRIC STRUCTURE A. THE MATHEMATICAL MODEL
Liu et al. [15] have given the mathematical model of the structural optimization problem under a single working condition. The constraint conditions (1.4) are added to its mathematical model, and then the mathematical model of periodic layout optimization under the single working condition is obtained, which is expressed as 1.1
where vector X is the design variable, f (X) is the objective function and g(X) is the constraint function. n is the total element number in a subdomain. x min and x max are the lower and upper limits of the design variable, respectively. The constraining conditions (1.4) are set in the mathematical model (1), which purpose is to constrain the design variables of the same position in each subdomain to be equal.
B. GUIDE-WEIGHT METHOD
To solve the optimization problem, first, the Lagrange equation is constructed as
where λ is a Lagrange multiplier. Based on the Kuhn-Tucker condition, the optimal value X * must be satisfied
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In this paper, the optimization problem of structural performance under the condition of mass constraint is researched. We assume that f (X) and g(X) represent structural performance and structural mass or volume, respectively.
We can define the following four important expressions according to the guide-weight method:
where H i,j is the heap density of x i,j . W i,j is the equivalent mass of x i,j . G i,j is the guide-weight of x i,j and G is the total guide-weight. Substituting equations (5) and (7) into equation (4), then we have
By applying the equation (9) to the whole optimization domain, we have the equation (10) .
A virtual fan-shaped subdomain is constructed. The size, number, and distribution of elements in the virtual fan-shaped subdomain must be identical to each fan-shaped subdomain. The parameters of the virtual fan-shaped subdomain are the average of the parameters of each fan-shaped subdomain. For example, the guide-weight of x j in the virtual fan-shaped subdomain is defined as
The equivalent mass of x j in the virtual fan-shaped subdomain is defined as
Equations (11) and (12) are then substituted into equation (10), using equation (9) gives
The above equation is the iterative criterion to solve the problem of structural periodic layout optimization using the guide-weight method. When an optimization analysis is performed, it can be written as
To ensure that the optimization results are convergent, a step factor is introduced, and the upper and lower limits of the design variable should be considered. Hence, the iterative equation is finally expressed as
After updating the design variable x j in virtual fan-shaped subdomains by equation (15), we can make the design variable x i,j in each fan-shaped subdomain equal to the design variable x j in the virtual fan-shaped subdomains. It means that when one has
The constraint condition (1.4) in the mathematical model equation (1) is forced to meet.
C. LAGRANGE MULTIPLIER λ
According to equation (13) , the Lagrange multiplier λ is obtained. If the optimal value X * is taken, then the Lagrange multiplier λ can be calculated by
Hence
W i,j is the equivalent mass of x i,j , which also could be regarded as the equivalent mass of structures. In iterative optimization, we can take
where W 0 is the constraint limit for structural materials, in the context of mass or volume constraint. According to equations (15), (16) and (19) , the optimization problem of structural performance on periodic layout optimization can be solved.
IV. THE PROBLEM OF MINIMUM COMPLIANCE
In this section, the element relative density is selected as the design variable. The periodic layout optimization problem of minimum compliance is discussed by virtue of the above proposed method under the condition of mass constraint. It can be formulated as
where C is the structural compliance. M 0 and M are initial structural mass and structural mass, respectively, after they are optimized. f is a mass fraction. The key to solving this optimization problem lies in how to obtain the explicit expression between structural compliance C, structural mass M and the design variable x i,j . The structural compliance C can be written as:
where F is the load vector and U is the displacement vector. K is the structural stiffness matrix. u i , j, and k i,j are the element displacement vector and the element stiffness matrix, respectively. In this paper, variable density method SIMP is formulated as
where E(x i,j ) is the elastic modulus after interpolation, E 0 is the elastic modulus of material, and p is penalization factor. According to SIMP, we know that
where k i,j0 , and k i,j are the initial stiffness matrix and the stiffness matrix after penalization, respectively. Based on SIMP method, the structural compliance C can be rewritten as:
The structural compliance C derives the relative density x i,j , this yields
As the load vector F does not change with the relative density x i,j , the above equation can be rewritten as
The following equation is obtained from the equation
From equations (27) and (28), we have
Let's plug equations (29) and (20) into equation (7), and then we get
Substituting equation (30) into equation (11), and then
The strain energy of the jth element in the virtual fan-shaped subdomain can be calculated as
Bring equation (32) into equation (31), the guide-weight of x j in the virtual fan-shaped subdomain can be computed as
The structural mass M is expressed as
The structural mass M derives the relative density x i,j , this yields
If we substitute equations (35) and (21) into equation (5), then we have
The entire finite element mesh of the cyclic symmetric structure is obtained by arraying a fan-shaped subdomain grid. It means that the volume of elements located at the same position in each fan-shaped subdomain is equal. It can be expressed by the formula as
When constructing a virtual fan-shaped subdomain, it must ensure that the volume of elements in the virtual fan-shaped subdomain is equal to the volume of elements in each fan-shaped subdomain. It means that
The heap density of the jth element in the virtual subdomain can be computed as
Equations (33) and (39) are plugged into equation (13), and then it can be written as
VOLUME 7, 2019
We now set C j /v j = D j and D j is the strain energy density of elements in the virtual fan-shaped subdomain.
Equation (40) is the iterative criterion to solve the minimum compliance problem of periodic layout optimization under the condition of mass constraint based on the guideweight method. Its physical meaning is that the relative density of elements is proportional to the strain energy density of elements in the virtual fan-shaped subdomain. When performing an optimization analysis, it can be rewritten as
Considering the convergence of optimization results and the upper and lower limits of design variable, the iterative equation is finally formulated as
The total guide-weight G can be calculated as
Lagrange multiplier λ can be calculated via
According to equations (42), (44) and (16) , the minimum compliance problem of periodic layout optimization can be solved under the condition of mass constraint.
V. FILTER FUNCTION AND CONVERGENCE CRITERIA A. FILTER FUNCTION
Due to the geometric characteristics of the cyclic symmetric structure, it cannot be divided into uniform grids. The volume of elements near the outer boundary is larger than that near the inner boundary in optimization domain, as shown in Figure 1 . Element sensitivity is directly related to element volume, which results in element volume dependency of the optimization results. To solve this problem, a new filter scheme is proposed, which is used by Huang and Xie's for reference [28] .
Firstly, the strain energy of all elements in the entire optimization domain is calculated as
where C i and v i denote the strain energy of elements and element volume, respectively. Secondly, the nodal strain energy density which does not carry any physical meaning is defined as the average of the strain energy density of connected elements as follow.
where l denotes the number of the elements surrounding the jth node.
At last, the nodal strain energy density must be converted back into the strain energy density of elements. The zone a denotes an open ball, centered on element a and with a radius of r min . We remark that all nodes in the zone are used to calculate the strain energy density of element a after filtering.
where D a denotes the strain energy density of element a after filtering. N is the node number in the zone a . d j is the weight coefficient.
where r ja is the distance between the center of the element a and the node j.
B. CONVERGENCE CRITERIA
It is well known that if the relative error τ of the two adjacent optimization results is less than the given convergence accuracy τ max = 0.001, then the periodic layout optimization has converged. It can be formulated as
VI. OPTIMIZATION FLOW
Finite element analysis is performed on ANSYS 18.2. The proposed method in this paper is integrated into the ANSYS through the ANSYS APDL language. The optimization flow to solve the minimum compliance problem of periodic layout optimization is shown in Figure 2 .
Step 1: The optimization domain is defined and the finite element grids are divided. The number of subdomains m is specified.
Step 2: The elastic modulus E 0 is initialized.
Step 3: The boundary conditions and loads are applied and the finite element analysis is performed, then the element strain energy and the element volume are extracted from analysis results.
Step 4: The strain energy density of elements is calculated using equation (45).
Step 5: The strain energy density of elements after filtering is calculated using equations (46) and (47). Step 6: The total strain energy C and the Lagrange multiplier λ are calculated according to equations (22) and (44), respectively.
Step 7: The strain energy C j in the virtual fan-shaped subdomain is computed by equation (32). The strain energy density D j in the virtual subdomain is computed by the equation of C j /v j = D j .
Step 8: The relative density of elements x ( j k +1) in the virtual fan-shaped subdomain is updated by virtue of equation (42). The relative density of elements x ( i,j k+ 1) in each fan-shaped subdomain is assigned according to the equation (16) .
Step 9: Determine whether the constraint condition g(X) = M − f · M 0 ≤ 0 in the mathematical model is satisfied. If not, go to next step. If yes, jump to step 12.
Step 10: The relative error τ of the two adjacent optimization results is calculated and determines whether the convergence condition is satisfied via the equation (49). If yes, the periodic layout optimization result is obtained. If not, go to the next step.
Step 11: The elastic modulus E(x i,j ) is updated by equation (23) . Repeat steps 3-10.
Step 12: The structural periodic layout optimization has converged and the topological configuration with periodic layout feature is obtained.
VII. NUMERICAL EXPERIMENTS AND DISCUSSIONS

A. CYCLIC SYMMETRIC STRUCTURE WITH A HORIZONTAL CONCENTRATED FORCE
The cyclic symmetric structure is composed of an inner ring, middle ring and outer ring, whose geometric characteristics are inner radius R 0 = 100 mm and outer radius R 3 = 300 mm. The inner and outer rings are the non-optimization domains for reserving the fix-boundary and loadings. The middle ring is the optimization domain, whose geometric characteristics are inner radius R 1 = 115 mm and outer radius R 2 = 280 mm. It is uniformly divided into m = 6 fan-shaped subdomains in the circumferential direction. Each fan-shaped subdomain is discretized with a circumference of n c = 360/6 = 60 divisions and a radius of n r = 60 divisions. The inner and outer rings are divided into 2160 and 1440 elements, respectively. The cyclic symmetric structure is fixed at the inner boundary of the inner ring. A horizontal concentrated force of F = 1000 N is applied at point A located at the bottom of the outer ring. Other parameters are shown in Table 1 . Figure 4 is the process of structural compliance C and mass fraction f . As the number of iterations increases, structural compliance increases rapidly to a maximum value and then falls steadily. Mass fraction decreases stably during this process. When mass fraction reaches 30%, structural compliance converges to 34.745N.mm.
All elements are displayed, where the relative density is greater than 0.1 in the optimization domain. It can be seen that six holes appear simultaneously near the outer boundary region of the optimization domain in the 13th iteration. Then these holes gradually expand toward the center of the 55274 VOLUME 7, 2019 optimization domain. At the 27th iteration, there are new holes appearing in the middle of the optimization domain. After the 29th iteration, the number of holes in each subdomain does not change, which means the main body of optimal topology is forming. The holes in the middle of the optimization domain expand toward the inner boundary region of the optimization domain. Until periodic layout optimization is completed, a similar trussed topology configuration is obtained. The topology configuration is presented as six 'X' shapes, which have a good period property.
We find a law that some holes first appear in the outer boundary of the optimization domain and then gradually expand to the inner boundary. The main reason is that the strain energy density of elements near the inner boundary is greater than the strain energy density elements near the outer boundary. This law just verifies the physical meaning expressed by Equation 40.
The optimization domain is uniformly divided into following fan-shaped subdomains: m = 2, 3, 4, 5, 6 and 8. Figure 5 shows a summary of optimal topologies when m is from 2 to 8. As the number of fan-shaped subdomains increases, optimal topologies with periodicity are achieved. It shows that the proposed method has effective robust. A curve in Figure 5 summarizes the mean compliance variation through fan-shaped subdomains increase. An obvious convergence trend is seen in terms of topology configuration of fan-shaped subdomain and structural compliance.
B. CYCLIC SYMMETRIC STRUCTURE WITH A CONCENTRATED FORCE IN A VARIABLE DIRECTION
To research on the influence of load direction on optimal topology configuration, a concentrated force of F = 1000 N is applied at point A located at the bottom of the outer ring. The angle between the load and the x-axis is α, which varies from 0 • to 90 • , as shown in Figure 6 . The optimization domain is uniformly divided into m = 8 fanshaped subdomains in the circumferential direction. Each fan-shaped subdomain is discretized with a circumference of n c = 360/8 = 45 divisions. Other parameters are the same as in Section VII-A. Figure 7 shows a summary of optimal topologies when α is from 0 • to 90 • . The topology configuration of a fan-shaped subdomain for α = 0 and 30 is presented as an 'X' shape. The topology configuration for α = 45 • is presented as slanted 'spoke' and 'side support'. When the angle is 60 • and 90 • , the topology configurations are presented as slanted 'spoke' and 'spoke' along the radius, and 'side support' disappeared. As the direction of the load changes, different optimal topologies are achieved. It shows that the proposed method has effective robust again. The topology configuration of fanshaped subdomain changes very much. This means that the direction of the load has a large impact on the optimal topology configuration. VOLUME 7, 2019 
VIII. CONCLUSIONS
A new method that combines guide-weight method and variable density method SIMP is proposed to solve periodic layout optimization of a cyclic symmetric structure. We built the mathematical model for periodic layout optimization on a single working condition. Periodic constraints are added to this mathematical model.
The innovation of this paper is to transform the periodic topology optimization of the cyclic symmetric structure into the traditional topology optimization of virtual subdomain by constructing virtual fan-shaped subdomain. The general iterative criterion of the virtual fan-shaped subdomain is deduced from the Lagrange equation. Based on the element strain energy, an improved filtering scheme is proposed to solve the problem of element volume dependence. Two examples of the cyclic symmetric structure are successfully optimized. The results show that the proposed method is effective and robust.
This paper is the first one that proposes to solve the problem of periodic layout optimization of the cyclic symmetric structure with the guide-weight method. It can provide a new idea for researchers to study periodic layout optimization in the future. The next research plan is to extend the proposed method to the optimization of automobile wheel hub and brake disc.
